We propose a novel version of the dissipative Gross-Pitaevski equation and examine its properties. In contrast to previous proposals our approach, based on the metriplectic formulation of the dissipative system dynamics, conserves the number of particles in the system. The rush to describe Bose-Einstein condensates discovered in clouds of atoms in optical traps catapulted the semi-classical equation proposed to describe the properties of the superfluid helium by Gross and Pitaevski [1, 2, 3] , akin the Ginzburg-Landau equations of superconductivity, into one of the main equations of theoretical many-body physics. This non-linear equation is mathematically equivalent to the non-linear Schrödinger equation with the quartic non-linearity and is conservative in the sense that the Lyapunov functional for it (equivalent to the Ginzburg-Landau free energy) is a constant of motion. The other relevant constant of motion for the G-P equation is the number of particles in the system defined as the normalization of the condensate wave -function. Various attempts have been made recently to generalize that equation in order to describe the dissipation mechanisms within the scheme of the Gross-Pitaevski model of the condensate dynamics [4, 5, 6] . The physical discussion of the meaning of that kind of damping has been given particularly clear in [5] . Those models describe dissipation mechanism which do not conserve both number of particles and the value of the Lyapunov functional. Since any system loosing particles is non conservative (energy being extensive quantity decreases with decrease of number of particles) it is of at least some interest to question how the dissipation conserving the number of particles can be build in the GrossPitaevski formulation of the condensate dynamics. We propose here a way to do so following scheme of the so-called metriplectic dynamics developed quite a time ago for other purposes in many body physics: ferromagnetism, plasma * Corresponding author
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The usual form of the Gross-Pitaevski equation for the complex condensate wave function ψ(x, t) in case of short range interparticle interactions reads
where V stands for "external potential" and which explicit form is irrelevant for our purposes, an g is the coefficient related to the scattering length of the system inter-particle interactions. Eq.(1) can be rewritten using the Poisson brackets between canonically conjugated fields ψ and ψ * {ψ(x, t), ψ
and the Lyapunov (or free energy) functional:
where
as:
It is easy to see that the particle density, defined as ρ(x, t) = |ψ(x, t)| 2 obeys the continuity equation:
with J(x, t) =h 2mi (ψ * (x, t)∇ψ(x, t) − c.c) representing particle current. Following Eq.(6) the total number of particles d d xρ = ||ψ|| 2 = N is conserved. The trivial consequence of the equation Eq.(5) and its counterpart for ψ * is that the free energy F is conserved:
The dissipation has been added to the Gross-Pitaevskii equation, following the suggestion of Pitaevskii [4] , by rewriting Eq. (5) as:
where λ is the dissipation coefficient. It is easy to check that the consequence of Eq. (7) is that the number of particles in the system N is decreasing at the rate λ.
Applications of the Eq. (7) have been discussed extensively in the literature [4, 5] . It can be easily generalized by combining it into so-called hybrid GrossPitaevski-Boltzmann equation by supplement it with rate equation for depletion of the condensate dN/dt [8] .
What we will do in the following is to generalize Eq. (7) following the metriplectic formulation of the many body dynamics [9, 10, 11] , that is be replacing the Poisson bracket Eq.(2) by the metriplectic one:
where λ is the dissipation coefficient. In the quantum mechanics that procedure leads to the Gisin generalization of the Schrödinger equation [12] . The properties of that generalization have been also discussed in [13] . The dissipative Gross-Pitaevskii equation we propose assumes now the form:
This integro-differential equation can be rewritten into the form
where the kernel D reads
Here the kernel Q(ψ, ψ * ) serves as the projection operator onto the direction perpendicular to the condensate wave function ψ and ⋆ denotes integration with respect to space coordinates. In the conventional quantum mechanical notation it can be written as Q = 1 − |ψ ψ|/ ψ 2 . One of the common methods to study properties of the condensate Bose system is the imaginary time evolution method (ITE). Careful analysis of the ITE method shows that it corresponds to the time evolution described by Eq.(9) in the limit of the very short evolution time and when λ → ∞.
Inspite of its integro-differential form Eq.(9) still preserves the normalization of the condense wave function. Using Eq. (9) we can derive the continuity equation in the form:
Integrating Eq. (12) we find that the number of particles N = ||ψ|| 2 is conserved, similarly as in the case of the continuity equation Eq.(6). This fact is a direct consequence of the construction of the metriplectic bracket describing dissipation happening on the simplectic leaf, C[ψ] = const, defined by the functional C[ψ] which is constant of motion, independently of the form of the system Hamiltonian, just as a consequence of the Poisson brackets [13] . In our case C[ψ] is the condensate wave function norm ψ 2 . The next consequence of our construction of the dissipative equation Eq. (9) is that the free energy-Lyapunov functional for our model cannot increase in time. Indeed
From Eq. (13) it follows also that the mean value of the "energy" H(ψ, ψ * ), namely d d x H(ψ, ψ * ) = H decreases in time. Indeed defining the generalized chemical potential
we can rewrite Eq. (13) as
The stationary solutions of the dissipative Gross-Pitaevski equation Eq.(9) are the extrema of the free energy functional Eq.(3) δF /δψ * = 0. Among interesting stationary solutions of that equation are the finite amplitude periodic in space solutions ∝ exp(iK · x) and in the one-dimensional space the dark solitons ψ ds (x). It is worth noting that the solitons with non-zero speed, i.e. the gray solitons, are not extrema of the free energy functional Eq.(3).
Let Ψ(x) be one of those solutions. Linearizing Eq.(9) ψ = Ψ + ∆ψ one finds that the excess free energy due to those fluctuations ∆F decrease towards the value of the system free energy corresponding to the stationary solution Ψ.
The same linearization procedure allows us to derive dispersion relation for the fluctuations ∆ψ which correspond to Bogolons obtained by conventional analysis of Eq.(1). The linearized equations for fluctuations ∆ψ, ∆ψ * read:
2 ). The integral term on the RHS of Eqs. (17) guarantee that the condensate is stable with respect to k → 0 perturbations. For real stationary solutions Ψ we can rewrite Eqs. (17) introducing the real and imaginary parts for ∆ψ: ∆ψ + ∆ψ * = 2χ, ∆ψ − ∆ψ * = 2iη. Assuming now that the functions χ, η ∝ exp(±iωt + ık · x) and for homogeneous condensate solution Ψ, |Ψ| 2 = n 0 ( case without trapping potential V = 0 ) the integrals on the RHS of Eqs (17) contribute terms proportional to δ k,0 which cancels with proper terms on the LHS of the same equations. Eqs (17) reduce then to the pair of algebraic equations for χ and η resulting in the dispersion relation ω(k) which for small damping constant λ and long wavelengths reduces to the damped sound waves dispersion relation
with c s =h n 0 g/m -the sound velocity in the condensate.
We close our analysis with application of Eq. (7) to describe property of the slowly cooled Bose system. To do so we investigated two cases. The first one is the cooled Bose gas which should show reminiscence of the Kibble-Zurek mechanism of the domain formation. The domain walls created in such a mechanism are usually identify with the dark solitons [14] . The second case is the time evolution of the cooled Bose system with initial conditions corresponding to existence in it two dark soliton ψ s (x) , i.e stationary solutions of δF /δψ * = 0. In both simulations our system is placed in a box of dimension L with periodic boundary conditions and we scale our variables using L, mL 2 /h,h 2 /mL 2 and h 2 /mL 2 k B for length, time, energy and temperature,respectively. Here k B is the Boltzmann constant.
Our first simulation runs as follow:
1. Following [15] we generate an initial state, that is field ψ(x, t = 0), from a thermal ensemble with a high temperature T = 7 × 10 4 in a box units. The method [15] uses the classical field approximation, in which a thermal ensemble is represented by a collection of many fields generated via MonteCarlo method. 2. Next we propagate the field ψ(x, t = 0) for a time T TH using Eq.(9) with, λ = 0. This is the technical step during which we monitor the changes of the occupation of the ground state, ψ GS = 1/ √ L and verify that it has the expected fluctuation and hence it is a good thermal sample. 3. We abruptly switch on the dissipation λ = 0.01 and we let the system evolve for a the time T DIS = 0.01 (box units). 4. We switch the dissipation off, setting λ to 0, and further evolve the field during the time T SOL .
An example of such evolution is given in Fig. 1 . Our second simulation uses Eq. (9) to propagate initial conditions of the cooled Bose gas consisting of two solitons. Fig. 2 | ψgs = 0 and even if they have an infinitesimal speed they will eventually decay. An example is given in Fig.  2b ). Due to dissipation the gray solitons are getting shallower and accelerate reaching finally a stable state.
We have presented dissipative generalization of the Gross-Pitaevsky equation (9) which preserves the number of particles in the condensate. We have analyzed properties of this equation, show how damping affects the Bogolyubov excitations and illustrate properties of our description of damping on two numerical examples of the cooled Bose gas behavior.
